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The detection of the magnetic type B-mode polarization is the main goal of future cosmic microwave back-
ground (CMB) experiments. In the standard model, the B-mode map is a strong non-gaussian field due to the
CMB lensing component. Besides the two-point correlation function, the other statistics are also very important
to dig the information of the polarization map. In this paper, we employ the Minkowski functionals to study the
morphological properties of the lensed B-mode maps. We find that the deviations from Gaussianity are very
significant for both full and partial-sky surveys. As an application of the analysis, we investigate the morpho-
logical imprints of the foreground residuals in the B-mode map. We find that even for very tiny foreground
residuals, the effects on the map can be detected by the Minkowski functional analysis. Therefore, it provides a
complementary way to investigate the foreground contaminations in the CMB studies.
PACS numbers: 95.85.Sz, 98.70.Vc, 98.80.Cq
I. INTRODUCTION
The temperature and polarization anisotropies of the cosmic microwave background (CMB) radiation contain useful cosmo-
logical information (see for instance, [1–3]), playing a crucial role in constraining the cosmological parameters and testing the
cosmological principle in modern cosmology [4, 5]. In the standard model, the CMB is a linearly polarized photon field, which
is completely described by the stocks parameters T (γˆ), Q(γˆ) and U(γˆ). T is a two-dimensional random scalar field, which de-
scribes the CMB temperature anisotropy. Q and U , which are not scalar fields in mathematics, describe the linear polarization.
It is then convenient to define the electric-type (i.e. E-mode) and magnetic-type (i.e. B-mode) polarization from the observables
Q and U [6, 7]. So, equivalently, T , E and B maps compose all the CMB information.
Nowadays, due to very precise observations from WMAP and Planck satellites, the detection of T map is close to the cosmic
variance limit [4, 5]. For E-mode polarization, the recent released Planck data have also shown very precise observations, and
quite close to the cosmic variance limit for low multipoles ℓ . 1000 [8]. Therefore, the detection of B-mode polarization
becomes the main goal of future CMB experiments [9]. In the standard model, the B-mode polarization is generated by two
sources: The primordial gravitational waves (i.e. tensor perturbations) [10, 11], which are important in the low-multipole range
[6, 7, 12], and the cosmic weak lensing [13–15], which is dominant at high multipoles. TheB-mode observable is a combination
of these two components. In the past two years, several ground-based experiments, including SPTPol [16], POLARBEAR [17],
ACTPol [18], BICEP2 and Keck Array [19–22], as well as Planck satellite [23] have detected the definite lensed B-mode
signal in the high-multipole range. It is also expected that Planck detects the B-mode signal in the low multipoles for the
first time in the forthcoming year [24]. For the potential observations in the near future, various ground-based and balloon-
borne CMB experiments, including BICEP3, AdvACT, CLASS, Simons Array, SPT-3G, C-BASS, QUIJOTE, EBEX, QUBIC,
QUIET, PIPER, Spider, LSPE, et al. [25], are expected to have much smaller instrumental noise and also multi-frequency
channels, enabling the observation of the B-mode polarization at a very high confidence level. In addition, the next satellite
generation of CMB experiments, including LiteBIRD [26], CMBPOL [27], COrE [28], PRISM [29], PIXIE [30] et al., will
provide an excellent opportunity to precisely observe the B-mode in the full multipole range.
As the B-mode polarization era approaches (see for instance [31–33]), careful studies on the properties of the B-mode
field are necessary. In previous works, most of the efforts have focused on the second-order power spectrum CBBℓ , which is
equivalent to the two-point correlation function of the B-mode map. The two-point correlation function can completely describe
the statistical properties of a purely Gaussian field [34, 35]. However, it is well known that due to the lensing effect, the total
two-dimensional B-mode map is a non-Gaussian field. 1 In addition to the power spectrum, other statistics (i.e. the Minkowski
functionals, higher-order correlators, and so on) are also important in the case of non-gaussian field for two reasons. First, these
statistics contain extra cosmological information, so comparing with the power spectrum, they might provide complementary
∗wzhao7@ustc.edu.cn
1 Several methods have been developed to reconstruct the lensing field and delense the B-mode map by using the CMB data alone [36, 37] or by combining
the CMB data with external data [38, 39]. In this paper, we will not consider the effect of delensing.
2channels to constrain the cosmological parameters (such as the neutrinos). Second, these statistics may be helpful to distinguish
cosmologicalB-mode component and contaminatedB-mode component (i.e. the residuals of foreground radiations [40, 41], the
residuals of the E-B mixture [42–44], and so on), according to their different statistical properties. In this paper, as a first step,
we shall apply the Minkowski functionals (MFs) to study the morphological characteristics of the lensed B-mode polarization.
We shall focus on how it deviates from Gaussianity. We find that, even in the extreme case in which only a small part of the sky
is surveyed, instrumental noise is added and gravitational waves are considered, the B-mode map has the definite non-gaussian
distribution. It deviates from Gaussianity at very high confidence level. As an application of the MF analysis, we also study the
imprints of the foreground residuals in the B-map. We find that for the nearly full sky survey, the deviation of MFs caused by the
residuals can be detected if more than 0.4% of foreground radiation is left as residuals in the B-map. For surveys with a small
sky coverage, the deviation can be detected if more than 1% of residuals are left. For both cases, the contributions of residuals
on the CMB power spectrum are very small, so the MFs provide a new and powerful tool to study the different components in
the observable B-maps.
The outline of the paper is as follows. In Sec. 2, we briefly introduce the basic characteristics of the CMB polarization. In
Sec. 3, we introduce the MFs used in our analysis. In Sec. 4, by employing the MFs, we study the morphologic properties
of B-mode polarization, and study the deviations from Gaussianity. In Sec. 5, we focus on the morphological imprints of the
foreground residuals on the B-map. Finally, Sec. 6 is contributed as a conclusion of this article.
II. E- AND B-MODE POLARIZATION OF CMB
As well known, the CMB is a linear polarized radiation field in the two-dimensional sphere. In addition to the temperature
anisotropy ∆T (γˆ) field, the observable quantities for linear polarization include the Stocks parameters: Q(γˆ) and U(γˆ). Since
they are not scalar fields, it is necessary to construct the so-called E- and B-mode polarization fields for the data analysis.
For mathematical simplicity, it is convenient to introduce the complex conjugate polarization fields P± as follows: P±(γˆ) ≡
Q(γˆ)± iU(γˆ), where γˆ denotes the position, and Q and U are assumed to be real fields in the sky. The fields P±, being±2 spin-
weighted quantities, can be expanded over appropriate spin-harmonic functions [46] P±(γˆ) =
∑
ℓm a±2,ℓm ±2Yℓm(γˆ), where
±2Yℓm(γˆ) are the spin-weighted spherical harmonics. The E- and B-mode multipoles are defined in terms of the coefficients
a±2,ℓm in the following manner: Eℓm ≡ − 12 [a2,ℓm + a−2,ℓm], Bℓm ≡ − 12i [a2,ℓm − a−2,ℓm]. One can now define the electric
polarization sky map E(γˆ) and the magnetic polarization sky map B(γˆ) as
E(γˆ) ≡
∑
ℓm
EℓmYℓm(γˆ), B(γˆ) ≡
∑
ℓm
BℓmYℓm(γˆ). (1)
It can be proved that the constructed E(γˆ) is a scalar field, and B(γˆ) is a pseudo-scalar field. The power spectra of the E and B
modes are defined as in general,
CEEℓ ≡
1
2ℓ+ 1
∑
m
〈EℓmE∗ℓm〉, (2)
CBBℓ ≡
1
2ℓ+ 1
∑
m
〈BℓmB∗ℓm〉, (3)
where the brackets denote the average over all realizations. For the purely Gaussian field, all the statistical properties are encoded
in the second-order power spectrum.
In the standard inflation+ΛCDM cosmology, the B-mode polarization is generated by two sources. One is the primordial
gravitational waves (i.e. tensor perturbations) hij(~k), which satisfy the Gaussian distribution in the inflationary scenario. In the
linear approximation, the B-mode coefficients, Bℓm, linearly depend on the perturbations hij(~k) [12]. The generated B-mode
map B(γˆ) is then a random Gaussian field. The other source of B-mode polarization is the weak gravitational lensing of CMB
photons due to large-scale structure along the line of sight, which results in a fractional conversion of the E-mode (from density
perturbations) to theB-mode component [13–15, 47]. The lensedB-mode polarization directly relates to the large-scale structure
in the late Universe, and its distribution is definitely non-gaussian. In general, the observed B-mode map is the combination of
these two parts, in which the component generated by gravitational waves always dominates in the large angular scales, i.e. low
multipoles, and the component caused by weak lensing is dominant in the small angular scales. Therefore, the total B-mode
map satisfies the non-gaussian distribution. For the two-dimensional non-gaussian field, in addition to the second-order power
spectrum, the other non-gaussian statistics (such as the angular bispectrum and trispectrum, other higher-order statistics, MFs,
clustering strength, Betti numbers, and so on) are important to study the statistical properties of the field. In this paper, we shall
analyze the statistical properties, especially deviations from Gaussianity of the CMB B-mode polarization map by employing
the MFs.
3III. MINKOWSKI FUNCTIONALS
Minkowski functionals characterize the morphological properties of convex, compact sets in an n-dimensional space [48–
54]. On the two-dimensional spherical surface S2, any morphological property can be expanded as a linear combination of
three MFs, which represent the area, contour length, and integrated geodetic curvature of an excursion set [49, 53]. For a
given threshold ν, it is convenient to define the excursion set Qν and its boundary ∂Qν of a smooth scalar field u as follows:
Qν = {x ∈ S2|u(x) > ν} and ∂Qν = {x ∈ S2|u(x) = ν}. Then, the MFs v0, v1 and v2 can be written as [53]
v0(ν) =
∫
Qν
da
4π
, v1 =
∫
∂Qν
dl
16π
, v2 =
∫
∂Qν
κdl
8π2
, (4)
where da and dl denote the surface element of S2 and the line element along ∂Qν , respectively, and κ is the geodetic curvature.
Given a pixelized map u(xi) with equal-area pixelization, the first MF ν0 can be numerically calculated as [53, 55]:
v0(ν) =
1
Npix
Npix∑
k=1
Θ(u− ν), (5)
where Θ is the Heaviside step function. The other two MFs ν1 and ν2 can be calculated by the following formulae [53, 55],
vi(ν) =
1
Npix
Npix∑
k=1
Ii(ν, xk), (i = 1, 2), (6)
where
I1(ν, xk) = δ(u − ν)
4
√
u2;θ + u
2
;φ, I2(ν, xk) =
δ(u− ν)
2π
2u;θu;φu;θφ − u2;θu;φφ − u2;φu;θθ
u2;θ + u
2
;φ
. (7)
Note that u;i denotes the covariant differentiation of u with respect to the coordinate i. However, in the numerical computations,
the delta function in these formulae can be numerically approximated through a discretization of threshold space in bins of width
∆ν by the Heaviside step function δN (x) = (∆ν)−1[Θ(x+∆ν/2)−Θ(x−∆ν/2)].
The expectation values of three MFs for a Gaussian random field are derived in [56], which have been explicitly expressed in
[53, 55]. For v0, the expectation value for a Gaussian random field ug is given by
〈vg0(ν)〉 =
1
2
(
1− erf
(
ν − µ√
2σ
))
, (8)
where erf is the Gaussian error function. The mean and variance of u, and the variance of its gradient are give by
µ ≡ 〈u〉, σ2 ≡ 〈u2〉 − µ2, τ ≡ 1
2
〈|∇u|2〉. (9)
The variance σ2 and the variance of the gradient τ can also be expressed through the Gaussian angular power spectrum Cℓ by
σ2 =
1
4π
∑
ℓ
(2ℓ+ 1)Cℓ, τ =
1
4π
∑
ℓ
(2ℓ+ 1)Cℓ
ℓ(ℓ+ 1)
2
. (10)
The expectation values for vg1 and v
g
2 can be approximated by the following formulae [55],
〈vg1(ν)〉 =
1
8
√
τ
∆ν
√
π
2
[
erf
(
ν − µ+∆ν/2√
2σ
)
− erf
(
ν − µ−∆ν/2√
2σ
)]
, (11)
〈vg2(ν)〉 =
1
(2π)3/2
τ
σ2
σ
∆ν
[
exp
(
− (ν − µ−∆ν/2)
2
2σ2
)
− exp
(
− (ν − µ+∆ν/2)
2
2σ2
)]
. (12)
For some special cases of weak non-Gaussian CMB fields, the analytical formulae for the MFs are also derived in [57–
59]. These MFs have been applied by cosmologists to search for deviations from Gaussianity in the CMB T -map and E-map,
where the non-gaussianities are expected to be weak (see [53, 55, 60–74] for instance). In this paper, we shall investigate the
statistical properties of the CMB B-mode polarization field, in which the non-Gaussianity is expected to be quite large due to
the contribution of the cosmic weak lensing. We will employ the MFs to quantify the deviation from Gaussianity of the CMB
B-mode map, and study the possible imprints of various foreground contaminations.
4IV. NON-GAUSSIANITIES OF B-MODE POLARIZATION
A. The full-sky ideal case without noise
As the first step, we consider the ideal case, in which the B-mode polarization is only generated by gravitational waves and
cosmic weak lensing. We assume the full-sky survey and ignore contamination from instrumental noise, foreground emissions
and other effects. Throughout this paper, we adopt the standard cosmological model with the parameters derived from Planck
2015 results [75], Ωbh2 = 0.02230, Ωch2 = 0.1188, 100θMC = 1.04093, τrei = 0.066, ln(1010As) = 3.064, ns = 0.9667.
For the contribution of primordial gravitational waves, we consider four models in our discussion, in which the tensor-to-scalar
ratio is r = 0, 0.01, 0.05 and 0.1, respectively. In all these models, we set the spectral index of gravitational waves as nt = 0.
Throughout this paper, we use the public LensPix code [76] to simulate the lensed aTTℓm , aEEℓm (i.e Eℓm), aBBℓm (i.e. Bℓm)
coefficients and the corresponding lensed T ,Q andU sky maps. Under the weak lensing approximation, this package implements
a pixel remapping approach to mimic the effects of lensing on the CMB photons [77]. The numerical accuracy of LensPix has
been widely checked: Regarding the CMB power spectra, the authors of LensPix showed that the lensed Cℓ derived from the
lensed sky simulations agree with the lensed power spectra derived from the CAMB package, which we also checked (see Fig.
1). Moreover, [78] also found that the correlations of CMB power spectra numerical results coincide with the analytical ones
(Note that in this paper, the authors adopted a different code, in which the algorithm is similar to the LensPix). Even so, in order
to overcome the inaccuracy of LensPix at the high multipoles [76, 79], throughout the calculations in this paper, we simulate
multipoles up to ℓmax = 1024, but use only the multipole range of ℓ ≤ 1000 for analysis. We adopt the resolution parameter
Nside = 512 in this paper. For high accuracy, we adopt the cubic interpolation method with the interpolation factor of 1.5. In
addition, we apply the Gaussian smoothing with the parameter FWHM=10′ to smooth the high multipoles, where FWHM is the
full width at a half maximum beam.
In our calculation, for each case, we use the public CAMB code [80] to calculate the unlensed CMB power spectra CXYℓ
(XY = TT,EE,BB, TE). Then, we use the public LensPix code [76] to independently generate 1000 lensed CMB realiza-
tions, including the lensed T ,Q and U maps (E- andB-mode maps are directly constructed fromQ and U maps by the standard
process introduced in Sec. II). The lensed power spectra CXYℓ can be directly calculated by using these lensed maps. In Fig.
1, we plot the CMB power spectra in both unlensed and lensed cases in the model with r = 0. The unlensed power spectra
(red dashed lines in Fig. 1) are calculated using CAMB package. For the lensed power spectra, we have considered two cases:
In the first one (blue solid lines), they are calculated using the CAMB package, and, in the second case (black solid lines), we
calculated the mean value of 1000 lensed samples, where the LensPix package is used to generate the simulated power spectra.
Fig. 1 shows that the spectra in these two lensed cases are consistent with each other. For instance, for the TT spectrum at
ℓ = 200, we get ℓ(ℓ+ 1)CTTℓ /2π = 5458.3µK2 and 5447.6µK2 in these two cases, respectively. The difference between them
is smaller than 0.2%. For the BB spectra, the difference is slightly larger: For ℓ = 200, we get ℓ(ℓ+ 1)CBBℓ /2π = 0.0112µK2
and 0.0109µK2 in these two cases, respectively. While for ℓ = 900, we have ℓ(ℓ+1)CBBℓ /2π = 0.00780µK2 and 0.00745µK2
in these two cases, respectively. The difference in both multipoles are smaller than 5%. Comparing the unlensed spectra with
the lensed ones, we find that the TT , TE and EE power spectra are smoothed by the lensing effect, which is consistent with
the physical predictions [15]. In this case, the BB power spectrum is only sourced by the lensing effect, so it vanishes for
the unlensed CMB power spectrum. Due to the weak lensing effect, all these three maps include the non-gaussian signal. The
B-mode is dominated by the contribution of weak lensing in small scales even if we include the contribution of gravitational
waves, so we expect the non-Gaussianity in the B-map to be much larger than that in the other two maps.
In general, the measurement of MFs requires smoothing of CMB maps in order to remove the contribution of high multipoles
(which are always dominated by the noises). The MFs derived from different smoothing scales always have significant corre-
lation, since they are calculated based on the same CMB map. However, the information of CMB at different multipole range
will be dominant if one chooses different smoothing scale, and the complementary effect between them are also very important,
which have been widely confirmed by the previous works [58, 62, 65, 70]. So, in the calculation, this smoothing procedure
should be performed at various scales on a pixelized map in order to extract all the statistical information available 2. Adopting
the methods developed in the previous works (e.g. [53, 55, 62, 72]), we calculate the MFs of the CMB maps as the following
steps. For each realization (i.e. the simulated B-mode map with Nside = 512 and FWHM=10′), we smooth the map again using
a Gaussian filter with a smoothing scale of θs. In our calculation, the smoothing parameter assumes six different values, θs=10′,
20′, 30′, 40′, 50′, 60′, and we numerically calculate the MFs vi(ν) for each smoothed map by the method introduced in Sec. III.
2 For the case with Gaussian or nearly Gaussian distributed field, in [65] the authors introduced the Wiener filter and its first and second derivatives for the field.
They found that the results obtained with a simple combination of Wiener filters set are similar (or even better) than the Gaussian smoothing at various scale.
This method has been applied by Planck team to constrain the non-Gaussianity of CMB T and E maps [74]. However, in the present paper, we are working
on the B-mode polarization map, which is expected to be highly non-gaussian, and the Wiener filter cannot be applied directly. So, in the calculation, we will
adopt the traditional method by smoothing the maps at various scales, and combining them to extract all the statistical information.
5400 600 800
10
100
  
 
 
10 100 1000
10-6
10-4
10-2
100
102
104
 
 
l(l
+1
)C
lX
Y /2
 (
K
2 )
Multipole: l
FIG. 1: The theoretical lensed (blue solid lines) and unlensed (red dashed lines) CMB power spectra CXYℓ calculated by using CAMB
package. The lines from upper to lower denote the results with XY = TT , TE, EE and BB respectively. For XY = TE, the figure shows
the absolute value of the spectrum. In this figure, we also plot the simulated lensed power spectra CXYℓ (black solid lines), which are the mean
value of 1000 simulated lensed samples. In this lensing simulations, we have used LensPix package. We find that the simulated lensed power
spectra overlap with the theoretical lensed ones, which shows that the lensing simulations are quite accurate. Note that, we have adopted the
model with r = 0 in this figure.
Note that the binning range of threshold ν is set to be from −3.0 to 3.0 with 25 equally spaced bins of ν/σ (σ is the standard
deviation of the corresponding map) per each MF. The mean value and the error bar of vi(ν) are numerically calculated by
v¯i(ν) =
1
N
N∑
k=1
v
(k)
i (ν), ∆vi(ν) =
√√√√ 1
N − 1
N∑
k=1
[
v
(k)
i (ν)− v¯i(ν)
]2
, (13)
where N = 1000 is the number of the samples, v(k)i (ν) is the i-th MF calculated from the k-th random sample. In Fig. 2, we
plot the v¯i(ν) and the corresponding error bars for the case with r = 0 and θs = 10′ (red curves in upper panels).
In this paper, we study the statistical properties of the lensed CMB maps by comparing them with the Gaussian cases. We
investigate the deviation of the lensed maps from Gaussianity. In our calculation, for a fair comparison, we consider the Gaussian
maps which have the exact same power spectra CXYℓ as the lensed maps. The analytical formulae for 〈vgi (ν)〉 are given in Eqs.
(8), (11) and (12). In the upper panels of Fig. 2, we plot the analytical results as black solid lines for comparison. For the cross-
checking, we also calculate the vgi (ν) by independently simulating 1000 Gaussian maps using the HEALPix package, where the
input CMB power spectra CXYℓ have exactly the same values of those in the lensed cases. Then, by repeating the same steps
above, we calculate the MFs for the Gaussian samples. The mean values v¯gi (ν) and the standard deviations ∆v
g
i (ν) of Gaussian
maps are also derived, which have also been plotted in the upper panels of Fig.2 as blue curves.
As anticipated, Fig. 2 shows that the results for the simulations and the analytical calculation, considering the Gaussian
cases, are consistent with each other. We have checked that the differences between them are less than 0.2% for any MF, which
clearly indicates the accuracy of our MF numerical code. Since for both Gaussian maps and lensed maps we have used the exact
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FIG. 2: The upper panels denote the average MFs v¯i and corresponding error bars ∆vi for B-map. In each panel, the red line is the result for
the lensed map, the black line is for the result of the Gaussian map, and blue line is for the analytical curve for the Gaussian case. The lower
panels are the difference v¯i− v¯gi . The left panels are for i = 0, middle ones are for i = 1 and right ones are for i = 2. Note that, in this figure,
we have adopted r = 0 and the θs=10′ .
same MF code, we are confident to state that our MF numerical calculations are accurate enough in all the cases considered
here. Obviously, we find that the MFs in the lensed B-mode polarization are significantly different from the Gaussian case
for all the threshold values ν. In order to show these differences more clearly, in Fig. 2 (lower panels), we plot the values of
δv¯i(ν) ≡ v¯i(ν) − v¯gi (ν) for a given ν, where we find that the value δv¯i(ν) is much larger than the statistical error for any given
ν. So, due to the weak lensing effect, the non-Gaussianity in the B-mode polarization is very large. For all three MFs, we
find that the deviation from Gaussianity is mainly in the regions ν/σ ∈ (1, 2) and ν/σ ∈ (−2,−1). Left panels show that, in
both regions, there are more pixels in the lensed maps than in the Gaussian ones. However, middle and right panels show that
the total curve lengths and the total integrated geodetic curvatures in the lensed maps are relatively smaller than those in the
Gaussian maps. These are the main morphological characters of the cosmic lensing effect in the CMB maps. These features
seem to indicate that, comparing with the purely Gaussian distribution, there are more data in the lensed map that span between
1σ and 2σ. They also indicate that the hot and cold spots have the tendency to form smooth clusters instead of the randomly
distributed ones. In Appendix A, we applied the skewness and kurtosis statistics to probe the non-Gaussianity of the lensed
B-maps. Although we found that these one-point statistics are less sensitive than the MFs, the distributions of skewness and
kurtosis indicate similar lensing effects in the B-maps as the MFs.
Of course, by increasing the gravitational waves contribution and/or smoothing scale parameter θs, the non-Gaussianity be-
comes slightly smaller, which can be clearly found in Figs. 3 and 4. In both figures, we find that although the main morphological
characters of lensing effect are still present for the cases with larger r and/or larger θs, the non-Gaussianity of the B-mode po-
larization becomes weaker. We quantify the significance of non-Gaussianity by defining the signal-to-noise ratio for the given
smoothing scale parameter θs as
SNRθs =
∑
αα′
[v¯α − 〈vgα〉] Σ−1αα′ [v¯α′ − 〈vgα′〉] , (14)
where α and α′ denote the binning number of threshold value ν and the different kinds of MF i, Σαα′ ≡ 1N−1
∑N
k=1[(v
(k)
α −
v¯α)(v
(k)
α′ − v¯α′)] is the covariance matrix of vα. 〈vgα〉 are the expectation values of MFs for the Gaussian random field, which
are given by Eqs. (8), (11) and (12). In all of our calculation, we use the average values of vgα derived from 1000 random
Gaussian samples to replace the theoretical values. In Fig. 5, we plot the values of SNRθs for different θs values and different
cosmological models, which clearly shows the dependence of non-Gaussianity of B-mode map on the smoothing scale. Similar
to the results for cases of CMB T andE maps (see [65] for instance), we find that the value of SNRθs significantly decreases for
larger θs. So, most of signal is captured by the lowest θs. In addition, from this figure, we also find that a larger gravitational-
wave contribution follows a smaller non-Gaussianity in the map. Current observations constrain the amplitude of gravitational
waves as r . 0.1 [75]. But even for this model with r = 0.1, the total B-mode polarization is significantly non-gaussian.
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FIG. 3: The difference between the MFs vi in the lensed B-mode map and the Gaussian B-mode map. The panels from upper and lower are
the results for the cases with θs = 10′, 40′, 60′ respectively. Note that, in this figure, we have adopted the model with r = 0.
The total deviation from Gaussian distribution of the B-mode map can be quantified by the total signal-to-noise ratio as
follows
SNR =
∑
aa′
[v¯a − 〈vga〉] Σ−1aa′ [v¯a′ − 〈vga′ 〉] . (15)
Note that here a and a′ denote the binning number of threshold value ν, the different kinds of MF i and the smoothing scale
parameter θs. Σaa′ ≡ 1N−1
∑N
k=1[(v
(k)
a − v¯a)(v(k)a′ − v¯a′)]. As we have emphasized, the correlations between MFs with different
smoothing scales θs are quite large, since they are obtained by the same B-mode map. So, the value of SNR is not a simple
sum of different SNRθs’s. In Fig. 6, we plot the correlation coefficient ρaa′ ≡ Σaa′/
√
ΣaaΣa′a′ for the model with r = 0 (left
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FIG. 4: The difference between the MFs vi in the lensed B-mode map and the Gaussian B-mode map. The panels from upper and lower are
the results for the models with r = 0, 0.01, 0.05, 0.1, respectively. Note that, in this figure, we have adopted the smoothing parameter θs=10′.
panel) and r = 0.1 (right panel), which clearly shows the strong correlation between different MFs. By using the results above,
we derive the values of SNR for different models, which are listed in Table I. Larger r means larger contributions of primordial
gravitational waves in the B-mode polarization, which satisfy the Gaussian distribution, and dilute the non-Gaussianity of the
total B-map. For the extreme case without any gravitational waves contribution, i.e. r = 0, the total SNR is 1.23 × 105, while
in the opposite extreme case with r = 0.1, the total SNR decreases to 0.64× 105, reduced by a factor of 2.
For comparison, we also repeat the exact same calculation for the CMB temperature anisotropy map, i.e. T -map, and the
E-mode polarization map, i.e. E-map. Fig.7 shows that the non-Gaussianities in both T -map and E-map are quite small. Even
though, in this figure we can also find consistent morphological characters of the cosmic lensing effects in T -map and E-map.
The total SNR listed in Table I indicates similar results. Table I also shows that the non-Gaussianities of the T - and E-maps are
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FIG. 5: The SNRθs depends on the smoothing parameter θs for the lensed B-map. From upper to lower, the lines denote the results in the
models with r = 0, 0.01, 0.05, 0.1, respectively.
FIG. 6: The correlation coefficients ρaa′ for the model with r = 0 (left panel) and r = 0.1 (right panel). Note that, in both panels, we have
considered the ideal case without noises, sky-cut or foreground radiations. Note that, for each panel, a(a′) ≤ 75 corresponds to MF with
θs = 10
′
, 76 < a(a′) ≤ 150 corresponds to that with θs = 20′ , and so on.
nearly independent of r, since, in these two maps, the main contributions are from the scalar perturbations. In this ideal case, we
find that the total signal-to-noise ratio is SNR∼ 3.5 for the T -map, and SNR∼ 7.0 for the E-map, being both consistent with
the previous results by employing other non-Gaussianity estimators [81].
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r = 0 r = 0.01 r = 0.05 r = 0.1
T-map 3.35 3.53 3.67 3.82
E-map 7.07 6.77 6.89 6.90
B-map 1.23 × 105 1.16 × 105 0.84× 105 0.64 × 105
TABLE I: The total SNR for different cosmological models in the ideal case. Note that, the temperature results are in line with the detection
of non-Gaussianity from ISW-lensing correlation on Planck data [74].
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B. The effect of instrumental noise
In the real observations, the instrumental noise is inevitable and contaminate the signal of cosmological B-mode polarization
signals in every scale. The instrumental noise becomes smaller as the experiments improve. Nowadays, although the Planck
team has not yet released their observations on the B-mode, the instrumental noise for this observable is expected to be much
larger than the primordial signal [24]. So, the probability for a direct detection of B-mode by Planck satellite is small. In the
future, for both ground-based, balloon-borne and space-based experiments, the instrumental noise is expected to be reduced at
least by two orders of magnitude, and become closer or even smaller than the amplitude of the lensed B-mode [25–30]. In this
paper, we consider a typical noise level of future detectors with ∆P = 5µK-arcmin and FWHM=10′, where ∆P is the constant
noise per multipole and FWHM is the full width at a half maximum beam. This noise level is close to the best channel noise for
the next generations of CMB experiments, both ground-based and space-based.
For the completeness of this work, we consider two cases of noise distribution in the sky. In the first case, we simply assume
an homogeneous distribution of the instrumental noise. However, in practice, due to the scanning strategy and the orientations of
the different horns and bolometers, the distribution of noise in the raw sky maps is correlated, anisotropic and inhomogeneous.
In the second case, we then assume an inhomogeneous noise distribution. Similar to previous works [65, 82], we treat noise
effects of inhomogeneity and anisotropy by relying on hitmaps, in which each pix value represents the number of times the pixel
has been observed by the detector. Our modelling of the noise in each pix of the map i then reads
11
noise(i) = σisotropic noise ×N (0, 1)×
√
〈hitmap〉
hitmap(i)
. (16)
Note that since correlations are neglected, the noise anisotropy is only partly modelled through the anisotropy of the hitmap.
WMAP and Planck satellites have slightly different hitmaps in their observations. In this paper, we consider in this second case
the 9-year WMAP V-band hitmap as an example to model the effect of the inhomogeneous noise in the simulations. Note that,
in this step we also assume full-sky surveys.
For both noise cases considered, we superimpose the random noise maps to the simulated samples (both lensed samples and
Gaussian samples), and repeat the previous calculations. The δv¯i(ν) (i = 0, 1, 2) for the B-mode maps are shown in Fig. 8 and
Fig. 9, where we have considered the models with r = 0 and r = 0.1, respectively. From both figures, we clearly see that the
non-Gaussianity of the B-mode is deeply reduced by the noise for all the MFs. Due to the noise contaminations, the amplitudes
of the deviations are reduced by a factor 5, while the error bars remain nearly the same, which are independent of the MF type
or cosmological model.
Meanwhile, for the MFs v0, the main morphological character of the lensed B-map is kept for both noise cases. For the MF
v1, although the main character is preserved, the noise makes the deviation from Gaussianity in the range ν/σ ∈ (−1, 1) much
weaker. However, for the MF v2, the main morphological character becomes different. The values of v¯2(ν) − v¯g2(ν) oscillate
with ν value, which shows that in the ranges ν/σ ∈ (1, 2) and ν/σ ∈ (−2,−1) the total integrated geodetic curvatures in the
lensed maps are still smaller than those in the Gaussian maps, while in the range ν/σ ∈ (−1, 1), the total integrated geodetic
curvatures in the lensed maps are larger than those in the Gaussian maps. Comparing the figures for the homogeneous and
inhomogeneous noise cases, we find that the average values v¯i(ν) are very close to each other in both cases, the only difference
is that in the inhomogeneous noise case, the error bars of the MFs are slightly larger.
In Fig. 10, we show the SNRθs for different θs, from which we find that the noise contaminations reduce the values of SNRθs
by nearly or even more than one order magnitude for any θs case. Comparing the effects in both noise cases, we find that the
deviation from Gaussian distribution in the inhomogeneous noise case is slightly smaller for any θs. Table II lists the total SNR
for different cosmological models, from which we find that the values of SNR decrease nearly two orders of magnitude due to
the addition of the instrumental noise. Moreover, we also find that non-Gaussianity in the inhomogeneous noise case is slightly
smaller than that for an homogeneous noise, which is consistent with the results shown by Figs. 8, 9 and 10.
r = 0 r = 0.01 r = 0.05 r = 0.1
No noise 1.23 × 105 1.16× 105 0.84 × 105 0.64 × 105
Homogeneous noise 3.19 × 103 2.80× 103 2.27 × 103 1.57 × 103
Inhomogeneous noise 1.61 × 103 1.52× 103 0.96 × 103 0.63 × 103
TABLE II: The total SNR for different cosmological models without noise and with noise cases.
C. The effect of incomplete sky coverage
The current and future CMB experiments can be divided into two different classes: One is the full-sky survey or nearly full-
sky survey, which includes the space-based experiments (Planck, CMBPOL, etc), and some specifically designed ground-based
or balloon-born experiments (CLASS, LSPE, etc). The other class includes most ground-based and balloon-borne experiments,
in which only a small region of the sky will be surveyed, so it is impossible to get a full-sky map for the analysis. Even for
the first class of experiments, we need to remove parts of the sky in order to reduce the deep contaminations caused by various
foreground emissions, especially in the Galactic region. For these reasons, in practice, we always have to analyze the CMB
signal in an incomplete sky.
In this paper, in order to investigate the unavoidable effect of an incomplete sky coverage in the analysis, we consider two
different masks. First of all, we use the M1 mask suggested by Planck team in 2015 (see left panel in Fig. 11), which is the
point source and Galactic plane common mask for polarization used to produce the CMB map (version 2.00) [83]. 3 In this
mask, only the Galactic plane and some point sources of polarization are covered [41, 83]. Similar masks may be applied to
3 Note that this mask from the Planck collaboration is mainly intended for temperature analysis, although when foreground radiations are not included it does
not change the results.
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FIG. 8: The difference between the MFs vi in the lensed B-mode map and the Gaussian B-mode map. The panels from upper and lower
are the results for the cases without noise, with homogeneous noise and with inhomogeneous noise. In this figure, we have considered the
cosmological model with r = 0 and θs = 10′.
future space-based experiments data, such as the CMBPOL, COrE or LiteBird. The sky-cut factor in this case is fsky = 77.65%.
In the second mask, i.e. M2 mask (right panel in Fig. 11), we assume the survey to be in the region defined by the Galactic
coordinates: 150◦ < θ < 180◦, −90◦ < φ < 45◦. In this region, we also exclude the pixels that have already been masked
in M1 (where the polarization emissions by the point sources are strong). The Planck surveys showed that this region is one of
the cleanest regions of the CMB polarization sky (see Fig. 8 in [41]). This survey may mimic the observations of some ground-
based experiments in South Pole. The survey area in this case is 1031deg2, which corresponds to fsky = 2.50%. Note that,
incomplete sky surveys always lead to the mixture of the E-mode and B-mode polarization, which is one of the contaminations
for the B-mode detection [42]. Fortunately, various practical numerical methods have been developed to overcome this problem
[43, 44]. Even so, the tiny leakage residuals from E-mode to B-mode are always unavoidable, which can also contaminate the
intrinsic non-Gaussianity of the lensed B-mode polarization. In Appendix B, we discuss that if applying the method suggested
by Smith and Zaldarriaga [44], and slightly smoothing the edge of the mask (which leads to slight information loss), the leakage
can be reduced to be quite small. Comparing with the case with ideal E-B separation, we find that the influences of leakage are
quite small for both power spectrum and the MFs of B-mode polarization. The detailed discussion on the E-B separation and
the effect on the B-mode statistical properties can be found in a separate future paper [45]. But here, throughout this paper, we
assume the ideal E-B separation, i.e. ignoring the possible leakages during the separation of E-B mixture.
In Figs. 12 and 13, we plot the δv¯i(ν) (i = 0, 1, 2) for these two masking cases, and compare them with the full-sky case.
From both figures, we find that mask M1 has little effect on any the MFs. The mean values and error bars of vi(ν) are all very
close to those in the unmasked case. In the M2 mask case, the amplitudes of the deviations v¯i − v¯gi seem slightly larger than
those where M1 or no mask is being used, while the error bars become much larger due to less sky information available when
using M2. In Fig. 14, we show the SNRθs for different θs, and find the consistent results: For any θs, the values of SNRθs are
very close to each other in the case without using any mask and in the case considering mask M1. However, if considering mask
M2, the signal-to-noise ratio becomes much smaller. The total SNRs are also calculated and listed in Table III, where we find
that due to M2 mask, the total SNR is reduced by a factor ∼ 17 in the model with r = 0. For the model with r = 0.1 the effect
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FIG. 9: Same figure with Fig. 8, but here we consider the cosmological model with r = 0.1.
of M2 mask becomes relatively smaller, and the total SNR is only reduced by ∼ 11. However, we should emphasize that even in
the extreme case where the largest gravitational waves contribution is considered (r = 0.1), inhomogeneous noise is added and
M2 mask applied to the observations, the distribution of B-map is significantly non-gaussian. The deviation from Gaussianity
is at SNR= 53.
r = 0 r = 0.01 r = 0.05 r = 0.1
No Mask 1.61× 103 1.52 × 103 0.96 × 103 0.63× 103
Mask M1 1.60× 103 1.52 × 103 0.94 × 103 0.64× 103
Mask M2 0.92× 102 0.79 × 102 0.65 × 102 0.53× 102
TABLE III: The total SNR for different cosmological models with different masks. Note that in this table we have included the inhomogeneous
noise.
V. EFFECTS OF VARIOUS FOREGROUND RADIATIONS
Recent results, combining Planck satellite and BICEP2/Keck Array data, have shown that the foreground emission should be
the main contamination for the future B-mode detection [20, 41]. In the high frequency channels, the main contamination is
caused by dust emission, while in the low frequency channels, the dominant contamination is caused by the synchrotron radiation
[40]. Even in the best frequency channel, where the total foreground radiation is minimized, the amplitudes of the foregrounds
are expected to be much larger than those caused by cosmological sources, including primordial gravitational waves and cosmic
weak lensing [20, 41].
In near future observations, by the multi-frequency channels, the foregrounds are expected to be deeply reduced by the internal
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FIG. 10: The SNRθs depends on the smoothing parameter θs for the B-map. The black lines denote the results with r = 0 and the red lines
denote the results with r = 0.1. The solid lines are for the case without noises, dashed lines are for the case with homogeneous noise, and
dash-dotted lines are for that with inhomogeneous noise.
FIG. 11: The mask M1 (left) and M2 (right) used in this paper.
linear combination or template fitting methods. However, the residuals are always unavoidable in the finial B-mode map. If
these residuals cannot be well studied, it could mislead explanations of the data, since they might mimic the cosmological B-
mode signal (such as what happened with BICEP2 team in 2014 [19]). It is quite difficult to distinguish them from the total
observations by employing the power spectrum alone. In this section, we shall investigate if it is possible to find the imprints of
the foreground residuals in the B-mode by employing the MF statistics, which has been partly used to the BICEP2 data in the
previous work [84].
Planck recently released the CMB polarization observations Q and U maps at all its 7 polarized frequency bands (from
30GHz to 353GHz) [41, 83]. Among them, the dominant component in 353GHz channel is the dust emission, while that in
30GHz channel is the synchrotron radiation. So they have been used as the templates to clean CMB polarization in the recent
studies. However, it has been noticed that, the observations at these two frequency channels are also noisy as the templates
of foreground radiations. In particular, in the high multipole range, the contributions of noises, including the instrumental
noises, are quite large. In addition, the released polarization maps at 30GHz have the 33 arcmin angular resolution, and those at
353GHz have the 5.0 arcmin angular resolution [41]. All these make the Planck observations at these two channels bias the real
foreground radiations, in particular in the high multipole range. In order to suppress the effects of these noises, we can smooth
the polarization maps at both channels with the resolution parameter of 60 arcmin. In the calculation, these smoothed maps will
be used as the templates of dust emission (353GHz) and synchrotron radiation (30GHz). Here, we should emphasise that, both
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FIG. 12: The difference between the MFs vi in the lensed B-mode map and the Gaussian B-mode map. The panels from upper and lower are
the results for the cases with full sky, with mask M1 and with mask M2. In this figure, we have considered the cosmological model with r = 0
and θs = 10′, and including the inhomogeneous noise.
templates are accurate only at the large scales, i.e. in low-multipole range.
As well known, the distributions of the foreground radiations are significantly anisotropic, and both components are maxi-
mized at the Galactic plane. In order to exclude the emissions in this region, we construct a new mask, i.e. M3 mask, which
covers all the regions that have already excluded in M1 mask. In addition, as a conservative estimation, we also mask the pixels
where the origin values of Q or U at 353GHz are larger than 10µKRJ, and the pixels where the origin values ofQ or U at 30GHz
are larger than 20µKRJ. This mask is presented in Fig. 15 (left panel), and it has the cut-sky factor fsky = 69.8%.
Based on these knowledge, we roughly evaluate the residual foreground maps by the following steps:
(1) For the dust component, we construct the E- and B-mode maps at 353GHz frequency channel from the observed Q and
U map by the standard procedures. Similarly, the E and B-mode maps of synchrotron radiation component at 30GHz channels
are also constructed. Then, we smooth these B-mode maps with the resolution parameter of 60 arcmin.
(2) It is known that the dependence of dust B-mode power spectrum Dν on the frequency ν satisfies the following simple
parametrization, Dν ∝ (W dν )2, where W dν = ( ννd )1+βd 1+e
hνd/kT−1
1+ehν/kT−1
. The parameters are βd = 1.59, νd = 353GHz and
T = 19.6K [40, 41, 85]. For the synchrotron radiation spectrum, the parametrization Sν is Sν ∝ (W sν )2, where W sν = ( ννs )βs .
The parameters are βs = −2.9, νs = 30GHz [40, 41, 85]. In our calculations, we assume that the useful channel for cosmological
studies is at 150GHz. Thus, the dust (synchrotron radiation) B-mode map can be evaluated for 150GHz from the 353GHz map
(and the 30GHz map) by employing the above parameterizations.
(3) We mask the smoothedB-maps at 150GHz channel by applying the M3 mask, which are presented in the middle and right
panels of Fig. 15, respectively. Note that we have converted the antenna temperature TA to the thermodynamic temperature in
the calculations. The root mean square (RMS) of the middle panel (dust emission) in the unmasked region is 6.67µK. While
for the synchrotron radiation at 150GHz (right panel), it is much smaller, i.e. RMS of the right panel in the unmasked region is
0.0368µK.
(4) In order to estimate the residual foregrounds left in the CMB map after templates fitting and components separation, we
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FIG. 13: Same figure with Fig. 12, but here we consider the cosmological model with r = 0.1.
define the residual factor σdust and σsyn for dust emission and synchrotron radiation, respectively. Actually, it is impossible to
know exactly the morphology and distribution of the residuals. However, we expect that the morphologies of the residual maps
should be similar to those of the foreground radiation maps. So, in our calculation, we evaluate the residual maps (middle and
right panels in Fig. 15) by simply multiplying the full foreground maps by the residual factor σ.
By applying the pseudo-Cℓ method (see Appendix C) [92] to the masked B-maps in Fig. 15, we construct the estimators for
the B-mode power spectra. As we have emphasized above, due to the smoothing of the maps, these power spectra are the biased
ones for the real dust and synchrotron emissions, which are accurate only at the low multipole range ℓ . 100. As anticipated,
we find that the amplitude of the dust contamination is much larger than that of cosmological signals. While for the synchrotron
radiation component, the amplitude of B-mode is much smaller than for the dust component, and it seems even smaller than the
cosmological components if the gravitational waves contribution is large enough. So, as expected, in this frequency channel, the
dominant foreground contamination will be the dust emission. The power spectra of foreground residuals can be obtained by
simply multiplying by factor σ2. From Fig. 16, we find that if applying the M3 mask, and considering the cosmological model
including weak lensing and gravitational waves with r = 0.1, the residuals of the synchrotron radiation at 150GHz is always
subdominant, which is independent of the σsyn value. While, for the dust emission, the residuals will become subdominant if
the σdust . 3%.
To study the effects of these residuals, we superimpose the constructed foreground maps to each simulated lensed B-mode
map. Consequently, we can derive the MFs for the contaminated maps by repeating the computations mentioned in Sec. IV. Fig.
17 shows the results for the case where σdust = 1% and σsyn = 0%. We clearly see that all three MFs are definitely different
from those when no foregrounds are considered. This result is expected, since, from Fig. 16, we can notice that the amplitudes
of the contaminated B-mode and the cosmological B-mode are comparable for the case with σdust = 1%. We quantify the
effects of the foreground residuals by the following χ2 quantity,
χ2 =
∑
aa′
[v¯a − v¯noa ] Σ−1aa′ [v¯a′ − v¯noa′ ] , (17)
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FIG. 14: The values of SNRθs depend on the smoothing parameter θs. The black lines denote the results in the model with r = 0 and the red
lines denote the results in the model with r = 0.1. The solid lines are the results for the case with full sky survey, dashed lines are for the case
with mask M1, and dash-dotted lines are for those with mask M2. Note that, in this figure, we have included the inhomogeneous noises in our
calculations.
FIG. 15: The M3 mask (left) used in this paper. The middle and right panels are the smoothed B-mode polarization maps (at 150GHz
frequency channel) caused by dust emission and synchrotron radiation respectively, which have been masked by M3 mask. Note that, the units
in the middle and right panels are µK.
where va is the MF calculated from the contaminated map, and vnoa is the corresponding MF va in the foreground free map. Σ
is the covariance matrix for va. Here a and a′ denote the binning number of threshold value ν, the different kinds of MF i and
the smoothing scale parameter θs.
In Table IV, we list the χ2 values when M3 mask is applied. In this calculation, we have included inhomogeneous noise
to the simulations. We find that for any given σdust or σsyn, the values of χ2 decrease when the gravitational waves contribu-
tion increases, which is understandable: Increasing the gravitational waves contribution, also increases amplitude of the total
cosmological B-mode, especially in the large angular scales. In such case, the relative proportion of the foreground residuals
decreases, which makes the difference between polluted map and clean map smaller. From this Table, we find that when only
dust residuals are taken into account, and for σdust > 0.3% (σdust > 0.4%), these differences can be detected by MF analysis
at more than ∼ 2σ (∼ 5σ) confidence level. Note that in these two cases, the power spectrum of foreground residuals is nearly
two orders of magnitude smaller than those of the signals (see Fig. 16). However, the effect of the synchrotron radiation in this
channel is quite small. Even if σsyn = 10%, the difference between the polluted map and clean map can be detected by the MF
analysis at only . 2σ level.
In order to mimic the conditions of the future small-sky surveys (e.g. the future ground-based experiments), we consider
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FIG. 16: The BB power spectra for the residuals of dust emission (red lines) and synchrotron radiation (blue lines) at 150GHz. For
comparison, in this figure we also plot the lensed BB spectrum (black dashed line) and the BB spectrum caused by primordial gravitational
waves with r = 0.1 (black solid line). In order to reduce the effect of noises, for both foreground emissions, we have applied the smoothing
with the resolution parameter of 60 arcmin. (see main text for the details).
another case, in which the M3 mask is replaced by the M2 mask. Note that, as we have mentioned, the unmasked region is one
of the cleanest regions for the B-mode detection [41]. We repeat the computations and list the corresponding χ2 values in Table
V. We find that in this case, the effects of the foreground residuals are not so important. There are two reasons for this: First, the
unmasked region in M2 mask is one of the cleanest region for the CMB polarization [41]. Second, there is less sky information
available when this mask is used, which makes the foregrounds detection more difficult. Nevertheless, in this case, if the dust
residual is beyond 1%, the difference between polluted map and clean map can be detected by the MF analysis at more than
∼ 4σ confidence level.
r = 0 r = 0.01 r = 0.05 r = 0.1
σdust = 0.1% 7.36 1.92 1.71 1.63
σdust = 0.2% 84.65 6.42 2.05 1.74
σdust = 0.3% 360.41 22.97 4.13 2.01
σdust = 0.4% 1003.16 72.09 9.07 4.92
σdust = 0.5% 2127.13 167.32 20.34 8.99
σdust = 1.0% 15932.43 2725.01 332.27 97.09
σsyn = 10.0% 2.17 1.95 1.64 1.53
TABLE IV: χ2 values for the case with inhomogeneous noise and applying the M3 mask. The last row shows the results with only synchrotron
radiation, and the other rows show those with only dust contamination.
The B-mode polarization generated by foreground residuals is different from that caused by the cosmological sources at sev-
eral aspects. Since the residuals are directly related to the original foreground radiation, we expect them to have inhomogeneous,
anisotropic, non-random distributions. Furthermore, the power spectra of the residual B-modes should be also different from
the cosmological ones. In the previous discussion, we find that the deviations of the MFs caused by the foreground residuals, in
comparison with the the MFs for the clean map, are quite promising for the detection. However, it is still possible that this devia-
tion is mainly caused by the extra power spectrum contribution from the foregrounds, and the effects of the other morphological
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r = 0 r = 0.01 r = 0.05 r = 0.1
σdust = 0.5% 3.41 2.29 1.90 1.89
σdust = 1.0% 15.02 8.31 4.02 3.87
σdust = 5.0% 1027.51 686.79 219.76 225.37
σdust = 10.0% 2479.43 1702.65 699.31 550.17
σsyn = 10.0% 1.71 1.50 1.51 1.42
TABLE V: Same with Table IV, but here we have considered the M2 mask, instead of the M3 mask.
properties are very small. If this is the true case, the effects of foregrounds and cosmological parameters (in general, changing
the cosmological parameters can also induce the changing the CMB power spectrum) become degenerate, and the detection of
residual imprints of foreground by the MFs is actually impossible.
In order to investigate this issue, we do the comparison for the following two cases: In Case I, we randomly simulate 1000
B-mode maps by considering the cosmological model with r = 0.1 (including the lensing effect). Then, we superimpose the
residuals of the dust emission with σdust = 0.3%, and employ the M3 to mask the combined B-maps. Then, we calculate the
mean values v¯i(ν) and covariance matrix Σ of MFs in these maps. In Case II, we do the exact same calculation as in Case I, but
the residual of the dust emission component is replaced by a simulated random Gaussian field, which has the exact same power
spectrum with the dust residuals. The mean values of MFs in Case II are denoted as v¯ci (ν). We quantify the difference between
these two cases by the χ′2 defined as follows,
χ′2 =
∑
aa′
[v¯a − v¯ca] Σ−1aa′ [v¯a′ − v¯ca′ ] , (18)
where a and a′ denote the binning number of threshold value ν, the different kinds of MF i and the smoothing scale parameter
θs. We obtain that χ′2 = 3.29. If σdust = 0.4% is used, we have χ′2 = 6.01. We notice that although the power spectra in these
two cases are the same, their morphological characters are definitely different, which have important effects on the MFs. This
result is easy to understand: For example, due to the anisotropic distribution of the foreground radiation in the sky, the residuals
have larger power spectrum in regions close to the mask edges, and smaller power spectrum in regions far away from the mask
edges. So, when we calculate the MFs with different smoothing scale parameters θs, the amplitudes of foreground residuals are
different. A larger θs means a deeper smoothing, which corresponds to a cleaner map. Thus, the morphological distribution of
the foregrounds is encoded by our choices of several θs (from 10′ to 60′) values in the calculations.
VI. CONCLUSIONS
The CMB radiation is completely described by the scalar fields T and E, and the pseudo-scalar field B. In the standard
cosmological model, according to the linear theory, T and E are excellent random Gaussian fields, and the non-Gaussianities
are expected to be very weak. So, the two-point correlation functions, or equivalently the angular power spectrum in harmonic
space, are enough to describe the total statistical properties of the fields. However, theB-mode should be a strongly non-gaussian
field, due to the important contribution of cosmic weak lensing effect. So, in addition to the two-point correlation function, the
other statistics are also very important, because they contain the complementary information of the B-mode field, and should be
helpful to constrain cosmological parameters or separate different components of the total map.
In this paper, we employed the MFs to study the morphological characters of the lensed B-mode polarization map. By
comparing it with purely Gaussian fields, we find that the B-map definitely deviates from Gaussianity. For both nearly full-sky
surveys and partial sky surveys, the non-Gaussianity can be detected at very high confidence level. From the MF analysis, we
also find that, comparing with the Gaussian fields, the lensed maps seem to have more pixels in the regions |ν| ∈ (1σ, 2σ).
Moreover, hot and cold spots have the tendency to form smooth clusters, which is consistent with general effect of the gravity
on matter distributions.
As an application of the MF analysis, we have investigated the imprints of the foreground residuals in the B-mode map. We
find that for the potential satellite CMB experiments, if more than 0.4% of dust emission is left in the map as residuals, its effect
can be detected by MF analysis. Even for the potential ground-based experiments with partial sky surveys, the dust emission can
be detected if more than 1% of residuals are left in B-map. In addition, we find that the influence of the foreground residuals
is not simply caused by their extra power spectra, and the special morphology of the foreground radiations may play the crucial
role.
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Appendix A: The skewness and kurtosis statistics for the lensed B-mode polarization
In this Appendix, we apply the one-point statistics: skewness (S) and kurtosis (K), to analyse the statistical properties of the
CMB B-mode polarization maps. For simplification, we do not include the contribution from any kind of noise or use any mask
in this analysis. In probability theory, skewness is a measure of the asymmetry of the probability distribution of a real-valued
random variable about its mean. From the MF analysis above, especially the MF v0, we know that in the lensed B-mode map,
the distribution of the points are symmetric around the mean value µ (see for instance the left panels of Fig. 2). So, we expect
that the values of the skewness for the lensed B-mode maps are close to zero. Similar to the MF analysis above, we simulate
1000 independent lensed B-mode sample using the LensPix package. For each sample, we calculate the skewness, and present
the histogram of these S’s in Fig. 18 (upper left panel). As expected, we find that their values are all very close to zero. The mean
value and the standard deviation of these 1000 S’s are 0.0000± 0.0047. For comparison, we simulated 1000 Gaussian samples,
which have the exact same power spectrum of the lensed B-mode sample. We then calculate the skewness of each sample.
The histograms of these statistics are presented in Fig. 18 (upper right panel). From this figure, we find that the distribution
of skewness in the lensed B-map is similar to that in the Gaussian maps. The only difference is that in the Gaussian maps, the
width of the distribution is slightly narrower. If increasing the value of the smoothing scale parameter θs and/or the contribution
of gravitational waves, from Figs. 19, 20 and Table VI, we find that the distribution of the statistics become broader, while their
mean values are all close to zero. This analysis shows that skewness cannot well describe the non-Gaussianity of the lensed
B-mode polarization.
The situation is different for the kurtosis statistic. From histograms of K’s derived from the 1000 lensed B-mode maps, we
find that the values of the kurtosis are all around of 1 (see lower left panels in Figs. 18-20), against 0 for the Gaussian case (see
lower right panels in Figs. 18-20). This shows that the expectation value of the kurtosis in the lensed B-maps is much larger than
that in the Gaussian maps. Since kurtosis is a measure of whether the data is peaked or flat relative to a normal distribution, the
larger kurtosis indicates that the one-point distribution of lensed B-map is relatively flat than that of the Gaussian distribution,
which is also consistent with the MF analysis, in particular, the v0 functional. With the increasing of θs and/or r, the mean
values of the kurtosis decrease (see Figs. 18-20 and Table VII), which indicates that the non-Gaussianity becomes smaller. In
order to quantify the non-Gaussianity, we define the quantity SNRθs = ∆K/σK , where ∆K is the difference between the mean
value of kurtosis in the lensed B-maps and the corresponding one in the Gaussian B-maps, and σK is the standard deviation of
kurtosis in the lensed B-maps. Using the results listed in Table VII, we get that SNRθs = 63.5 for the case with θs = 10′ and
r = 0. If θs = 60′ and r = 0, we have SNRθs = 3.9. While for the case with θs = 10′ and r = 0.1, we derive SNRθs = 27.1.
These show that kurtosis is a good statistic to describe the non-Gaussianity of the lensed B-maps. However, comparing with the
results derived from the MF analysis, we also find that the sensitivity of kurtosis is worse than the MFs. Here, we would like to
emphasize that the kurtosis and MFs encode different non-gaussian information, so it its better to use both statistics in the future
analysis.
θs = 10
′ θs = 20
′ θs = 30
′ θs = 40
′ θs = 50
′ θs = 60
′
r = 0 0.0000 ± 0.0047 0.0000 ± 0.0060 0.0000 ± 0.0071 0.0001 ± 0.0083 0.0001 ± 0.0094 0.0000 ± 0.0107
0.0000 ± 0.0025 −0.0002 ± 0.0039 −0.0003 ± 0.0054 −0.0001 ± 0.0069 −0.0001 ± 0.0084 −0.0003 ± 0.0101
r = 0.01 −0.0002 ± 0.0046 −0.0003 ± 0.0059 −0.0002 ± 0.0047 −0.0001 ± 0.0097 −0.0004 ± 0.0129 0.0000 ± 0.0171
0.0000 ± 0.0025 −0.0001 ± 0.0041 −0.0001 ± 0.0061 0.0000 ± 0.0085 0.0001 ± 0.0119 0.0004 ± 0.0160
r = 0.05 −0.0002 ± 0.0053 −0.0004 ± 0.0086 −0.0004 ± 0.0149 −0.0004 ± 0.0229 −0.0005 ± 0.0314 −0.0007 ± 0.0398
0.0001 ± 0.0033 0.0002 ± 0.0077 0.0005 ± 0.0143 −0.0009 ± 0.0223 0.0013 ± 0.0307 0.0018 ± 0.0391
r = 0.1 −0.0001 ± 0.0066 −0.0004 ± 0.0134 −0.0008 ± 0.0226 −0.0011 ± 0.0316 −0.0015 ± 0.0401 −0.0019 ± 0.0480
0.0002 ± 0.0055 0.0005 ± 0.0133 0.0010 ± 0.0228 0.0015 ± 0.0321 0.0019 ± 0.0409 0.0023 ± 0.0492
TABLE VI: The skewness values (mean value and the standard deviation) of for various B-mode polarization maps. For each case, the upper
one shows the results derived from 1000 simulated lensed B-map, while the lower one shows those derived from 1000 simulated Gaussian
B-maps.
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θs = 10
′ θs = 20
′ θs = 30
′ θs = 40
′ θs = 50
′ θs = 60
′
r = 0 1.0228 ± 0.0161 0.5377 ± 0.0159 0.3031 ± 0.0157 0.1834 ± 0.0162 0.1164 ± 0.0176 0.0777 ± 0.0196
−0.0002 ± 0.0040 0.0000 ± 0.0067 0.0004 ± 0.0093 0.0006 ± 0.0120 0.0007 ± 0.0149 0.0006 ± 0.0179
r = 0.01 0.9684 ± 0.0157 0.4714 ± 0.0154 0.2371 ± 0.0155 0.1240 ± 0.0169 0.0660 ± 0.0196 0.0359 ± 0.0234
−0.0002 ± 0.0041 0.0000 ± 0.0070 −0.0001 ± 0.0102 −0.0001 ± 0.0139 −0.0007 ± 0.0182 −0.0018 ± 0.0229
r = 0.05 0.7879 ± 0.0190 0.2991 ± 0.0177 0.1100 ± 0.0186 0.0394 ± 0.0239 0.0111 ± 0.0317 −0.0020 ± 0.0405
−0.0003 ± 0.0045 −0.0009 ± 0.0087 −0.0022 ± 0.0150 −0.0045 ± 0.0232 −0.0074 ± 0.0322 −0.0106 ± 0.0414
r = 0.1 0.6249 ± 0.0231 0.1885 ± 0.0194 0.0524 ± 0.0232 0.0102 ± 0.0317 −0.0057 ± 0.0410 −0.0136 ± 0.0503
−0.0007 ± 0.0054 −0.0023 ± 0.0122 −0.0049 ± 0.0219 −0.0082 ± 0.0324 −0.0116 ± 0.0424 −0.0151 ± 0.0521
TABLE VII: The kurtosis values (mean value and the standard deviation) of for various B-mode polarization maps. For each case, the upper
one shows the results derived from 1000 simulated lensed B-map, while the lower one shows those derived from 1000 simulated Gaussian
B-maps.
Appendix B: E- and B-mode separation on an incomplete sky
In real CMB observations, polarization components include the Q(γˆ) and U(γˆ). In the full-sky case, the translation from
Q and U -maps to the scalar fields E(γˆ) and B(γˆ) can be carried out by the standard way introduced in Sec. II. From the
definition, we know that we need the full-sky information of Q and U to construct the E- and B-mode fields. Unfortunately, in
practice, we cannot work with full sky polarization maps due to foreground contaminations. It is always necessary to mask these
contaminated regions to reduce the influence of the foregrounds. So, the mixture of E- and B-mode might become an important
obstacle for the B-mode detection [42].
In order to separate the E- and B-mode on the partial sky, various practical methods have been suggested in the literature
[43, 44]. In this Appendix, we shall consider the method suggested by Smith and Zaldarriaga (i.e. the SZ method) [44] as an
example to solve the E-B mixture problem. The SZ method have used the so-called χ-field framework, and can be effectively
applied to the real data analysis or numerical simulations. In this method, the electric-type (E) and magnetic-type (B) scalar
fields are defined as following
E(γˆ) = −1
2
[ð¯ð¯P+(γˆ) + ððP+(γˆ)], B(γˆ) = − 1
2i
[ð¯ð¯P+(γˆ)− ððP+(γˆ)], (B1)
where P±(γˆ) = Q(γˆ) ± U(γˆ). ð¯ and ð are the spin lowering and raising operators, respectively. To decompose E and B fields
over the scalar spherical harmonics, we procedure as following,
E(γˆ) =
∑
ℓm
EℓmYℓm(γˆ), B(γˆ) =
∑
ℓm
BℓmYℓm(γˆ). (B2)
These coefficients relate to the general coefficients Eℓm and Bℓm by the formulae Eℓm = Nℓ,2Eℓm and Bℓm = Nℓ,2Bℓm, where
Nℓ,s =
√
(ℓ + s)!/(ℓ− s)!.
In real observations, we must mask out a fractional portion of sky due to the foreground contamination. When considering
the mask W (γˆ), the pure magnetic-type polarization becomes B(γˆ)W (γˆ). In the SZ method, this components is constructed by
the following practical way:
B(γˆ)W (γˆ) =
∑
ℓm
Bpureℓm Y ∗ℓm(γˆ), (B3)
where
Bpureℓm = −
1
2i
∫
dγˆ
{
P+(γˆ)[ð¯ð¯(W (γˆ)Yℓm(γˆ))]
∗ − P−(γˆ)[ðð(W (γˆ)Yℓm(γˆ))]∗
}
. (B4)
In principle, in all the observed region, one can completely construct the magnetic-type polarization without mixture residual
or information loss. However, in the numerical calculation, one always has to slightly smooth the top-hat mask to reduce
the numerical error. Here, we will prove that, by applying the SZ method, even for a slightly smoothed mask, i.e. with a
small information loss, the mixture residual becomes very small comparing with the B-mode signal. Here, the top-hat window
function is smoothed by adopting a Gaussian kernel as suggested in [87]
Wi =


1
2
+
1
2
erf
(
δi − δc2√
2σ
)
δi < δc
1 δi > δc
(B5)
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where where δi is the distance from each 1-value pixel to the closest 0-valued pixel in the top-hat window function, σ denotes
the width of the smoothing kernel, and δc denotes the smoothing width. Let β denotes the jump range at δi = δc and δi = 0,
then:
β =
1
2
− 1
2
erf
( δc
2√
2σ
)
, (B6)
which is a small and adjustable parameter, and set as β = 0.0001 in our calculation.
In order to show the effect of the mixture leakage on the B-mode polarization, we adopt the cosmological model without
weak lensing and set the r = 0, i.e. without B-mode polarization in the input model. We simulate 1000 random samples of Q
and U with FWHM = 30′, and adopt the smoothed M1 mask. By applying the SZ method, we calculate the map B(γˆ)W (γˆ),
which is totally caused by the leakage residuals. In Fig. 21, we plot the averaged power spectra Dℓ ≡ 12ℓ+1
∑
m〈|Bpureℓm |2〉 of
the maps B(γˆ)W (γˆ), where we have considered the values of δc = 0.2◦, 0.5◦, 1◦ and 1.5◦, respectively. For the comparison,
we repeat the previous calculation but now including the effects of cosmic weak lensing and gravitational waves with r = 0.1 in
the input model. The corresponding power spectra Dℓ are also presented in Fig. 21. This figure clearly shows that, if the δc is
larger, the leakage is smaller. Even for the most conservative smoothing case with δc = 0.2◦, we also find that nearly in all the
multipole range, the amplitudes of the leakage are more than two orders of magnitude smaller than those of the signal.
To study the effects of the E-B leakage on the B-mode statistical properties, we compare the MFs in the following two cases,
i.e. ideal case and real case. In the ideal case, for a given cosmological model with r = 0, we simulate 1000 lensed CMB
samples. Each sample includes a pair of full-sky Q-map and U -map. By using the formulae in Eq. (B1), we construct the
full-sky E- and B-map fromQ- and U -map, and mask them by applying the smoothed mask W (γˆ) with parameters β = 0.0001,
δc = 1
◦
. Thus, we calculate the MFs of these masked BW -maps, which are denoted as videali (ν) with i = 0, 1, 2. While, in
the real case, we do the following procedure: For each sample, we use the simulated full-sky Q- and U -maps derived from the
ideal case, and mask them with smoothed mask W (γˆ). These masked maps mimic the potential observations. Then, by the SZ
method we construct the quantities Bpureℓm and the corresponding BW -map. We calculate the MFs of these masked BW -maps,
which are denoted as vreali (ν). The difference between these two BW -maps is that the BW -map in the real case includes the
E-B leakage, while the map in the ideal case is free from it. In order to reduce the E-B leakage, in both cases we simulate the
maps with resolution parameter Nside = 1024, maximum multipole ℓmax = 2048 and FWHM = 30′.
In Fig. 22, we plot the differences v¯ideali − v¯reali for the case with different smoothing scale θs, which shows the influence
of leakage on the MFs. We find that for each θs, the influence caused by the leakage is quite small compared with the intrinsic
non-Gaussianity in the lensed B-map. In order to quantify it, we define the following quantity
χˆ2θs =
∑
αα′
[v¯idealα − v¯realα ]Σ−1αα′ [v¯idealα′ − v¯realα′ ], (B7)
where α and α′ denote the binning number of the threshold value ν and the different kinds of MF i, and Σ is the corresponding
covariance matrix. For the case with θs = 10′, we get χˆ2θs = 17.8, while for θs = 40
′
, we have χˆ2θs = 1.6, and for θs = 60
′
, we
have χˆ2θs = 0.3. Comparing with the intrinsic non-Gaussianity of the lensed B-maps (see the results in Table I and Fig. 5), we
find the influence caused by the E-B leakage is quite small.
In the end of this Appendix, we should mention that the E-B leakage might be quite different for different E-B separation
methods [43, 44]. Here, we have adopted the SZ method, which can only construct pure B-map, instead of the general B-map.
However, it would be possible to construct the pure B-map for some other methods (for instance, the method suggested by
Bunn et al. in [43]). In a separate paper [45], we will detailed discuss the influence of leakage for different E-B separating
methods, different cosmological models, and different noise levels. Meanwhile, we will also discuss the possible way to reduce
the leakage with the price of more information loss. However, these are outside the scope of this paper.
Appendix C: Constructing the estimators of CMB power spectrum based on the incomplete maps
A given random two-dimensional scalar field on the sphere S(γˆ) (it might be T -map, E-map or B-map) can be decomposed
as the standard spherical harmonics as follows,
S(γˆ) =
∑
ℓm
sℓmYℓm(γˆ), (C1)
where Yℓm(γˆ) are the spherical harmonics, and sℓm are the corresponding coefficients. Then, the power spectrum Cℓ is defined
as
Cℓ ≡ 1
2ℓ+ 1
ℓ∑
m=−ℓ
〈sℓms∗ℓm〉, (C2)
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where 〈...〉 denotes the average over the statistical ensemble of realizations. From the observable map S(γˆ), one can define the
estimator Cˆℓ = 12ℓ+1
∑
m sℓms
∗
ℓm, which is the best-unbiased estimator for the power spectrum Cℓ [88].
However, if considering the mask window function W (γˆ) applied to the original full sky map S(γˆ), the construction of the
unbiased estimator for Cℓ is not straightforward. A large number of methods have been suggested in the literature [89–93]. In
this Appendix, we adopt the so-called pseudo-Cℓ (PCL) estimator method [92]. Although the PCL estimator is a suboptimal
one, it can be easily applied in pixel space using fast spherical harmonics transformation, and it has been used in various CMB
observations including in both WMAP and Planck data.
Considering the window function W (γˆ), the pseudo coefficients s˜ℓm can be defined as
s˜ℓm =
∫
S(γˆ)W (γˆ)Yℓm(γˆ)dγˆ, (C3)
which is related to sℓm by
s˜ℓm =
∑
ℓ1m1
sℓ1m1Kℓmℓ1m1 . (C4)
The coupling matrix K is given by
Kℓmℓ1m1 =
√
(2ℓ1 + 1)(2l+ 1)
4π
∑
ℓ2m2
(−1)m(2ℓ2 + 1)wℓ2m2
(
ℓ1 ℓ2 ℓ
0 0 0
)(
ℓ1 ℓ2 ℓ
m1 m2 −m
)
, (C5)
and wℓm are the coefficients of spherical harmonics expansion of the mask W (γˆ), i.e.,
wℓm =
∫
W (γˆ)Y ∗ℓm(γˆ)dγˆ. (C6)
The pseudo estimator C˜ℓ is defined in terms of the multipole coefficients s˜ℓm as
C˜ℓ =
1
2ℓ+ 1
ℓ∑
m=−ℓ
s˜ℓms˜
∗
ℓm. (C7)
The expectation value of C˜ℓ is 〈C˜ℓ〉 =
∑
ℓ′ Cℓ′Mℓℓ′ , where the coupling matrix is
Mℓℓ′ = (2ℓ
′ + 1)
∑
ℓ2
2ℓ2 + 1
4π
(
ℓ′ ℓ2 ℓ
0 0 0
)2
w˜ℓ2 (C8)
and w˜ℓ are the following power spectrum,
w˜ℓ =
1
2ℓ+ 1
ℓ∑
m=−ℓ
wℓmw
∗
ℓm. (C9)
So, the unbiased estimator for spectrum Cℓ in the masked sky can be constructed as Cˆℓ =
∑
ℓ′ M
−1
ℓℓ′ C˜ℓ′ .
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FIG. 17: The difference between the MFs vi in the B-mode map and the Gaussian B-mode map.The upper two rows show the results when
employing the M3 mask. Among them, in the first row we consider the case without foreground residuals, and in the second row we consider
the case including 1% dust residual at 150GHz. The lower two rows show the results when employing the M2 mask. Among them, in the
third row we consider the case without foreground residuals, and in the fourth row we consider the case including 1% dust residual at 150GHz.
In this figure, we have considered the cosmological model with r = 0.1, applying the smoothing parameter θs = 10′, and including the
inhomogeneous noise.
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FIG. 18: The upper panels show the histogram of the skewness statistic. The left one is derived from 1000 lensed B-mode realizations, and
the right one is derived from 1000 Gaussian realizations. The lower panels show the histogram of the kurtosis statistic. The left one is derived
from 1000 lensed B-mode realizations, and the right one is derived from 1000 Gaussian realizations. In this figure, we have considered the
model without gravitational wave, i.e. r = 0, and adopted the smoothing scale parameter θs = 10′.
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FIG. 19: Same figure with Fig. 18, but here we consider the smoothing scale parameter θs = 60′.
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FIG. 20: Same figure with Fig. 18, but here we consider the model including both cosmic weak lensing and gravitation waves r = 0.1 for the
numerical simulations.
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FIG. 21: The averaged power spectra of the 1000 constructed maps BW . The blue curves show that results derived from the input model
without weak lensing or gravitational waves, so they are totally caused by E-B mixture leakage. From upper to lower, the curves present the
results with smoothing window function with δc = 0.2◦, 0.5◦, 1◦ and 1.5◦, respectively. The black solid line denotes the spectra derived from
the case with input model including weak lensing and gravitational waves r = 0.1, and the red solid line denotes the spectra derived from the
case with input model including weak lensing only. In both cases, we have set δc = 1◦ for the smoothing window functions. Note that, the
black and red dashed lines are the analytical power spectra for these two cases, respectively.
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FIG. 22: The difference between the MFs vi of in ideal case (without E-B leakage) and real case (with E-B leakage). The upper panels show
the results with smoothing scale θs = 10′ , and middle panels show those with θs = 40′ and lower panels show those with θs = 60′. For all
the panels, we have considered the cosmological model with r = 0, and applied the smoothed M1 mask (see main text for the details).
